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Via a multidimensional complementarity relation we derive a novel operational entanglement 
measure for any discrete quantum system, i.e. for any multidimensional and multipartite system. 
This new measure admits a separation into different classes of entanglement obtained by using a flip 
operator 2-, 3-,. . . , n-times, defining a m-flip concurrence. For mixed states bounds on this m-flip 
concurrence can be obtained. Moreover, the information content of a n-partite multidimensional 
system admits a simple and intuitive interpretation. Explicitly, the three qubits system is analyzed 
and e.g. the physical difference in entanglement of the W-state, the GH Z-st&te or a bi-separable 
state is revealed. 
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I. INTRODUCTION 

For many quantum mechanical applications entangle- 
ment is the basic ingredient. Mathematically entan- 
glement is well defined. However, no simple opera- 
tional criterion to detect entanglement versus separabil- 
ity is known. Especially with multipartite entanglement, 
which is subject to recent research (Ref. [2, [1,13, 0, IE 
SSI), there are still many open questions regarding 
its properties. Moreover, it is known that there exist 
different "kinds" of entanglement, see e.g. Ref. [9(. It 
is therefore highly desirable to first find an operational 
measure of entanglement and secondly it should provide a 
good classification of the different kinds of entanglement 
as this is the physical property which is explored by var- 
ious applications such as e.g. quantum cr yptogra phy or 
quantum communication, see also Ref. [10 . 1 111 . Il2j . 

In this paper we provide both by defining a novel and 
very intuitive entanglement measure which is additive for 
pure states and has the advantage to separate entangle- 
ment into 2-, 3-,. . . , n-flip entanglement and for certain 
cases even into bipartite, tripartite,. .. n-partite entan- 
glement. It works for any dimension and any number of 
particles. 

Explicitly, we show for three qubit systems how this 
novel measure admits the separation of entanglement 
into genuine bipartite and tripartite entanglement. And 
moreover how its substructure is revealed, i.e. the entan- 
glement property of each qubit with all others, see also 

Fig. m 

For that we start by proposing the following separation 
of the information content in a n-partite quantum state 
of arbitrary dimension p: 

I(p)+R(p) + =n (1) 

single property entanglement 

where 

n 

I(p) :=J2 ( 2 ) 

single property of subsystem s 



Any 3 qubit state: 




(a) 3 (b) 3 

W--3 qubit state: "bi"-separable: 




(c) 3 (d) 3 

FIG. 1: Here the information content of three qubits states, 
3 = ELi(S s 2 + M 2 S ) = ELi Ss + E 12 + E 23 + JSia + 
-E123, is visualized. In (a) Bohr's complementarity rela- 
tion for each qubit is drawn, (b) visualizes the GHZ-state, 
-^j{|000) + |111)}, which is a genuine tripartite state, the bi- 
partite and single properties are zero. In (c) the W-state, 
-^-{|001) + |010) + 1 100)}, is visualized, the single proper- 
ties are nonzero as well as the bipartite entanglement. In 
(d) the "bi" -separable state, Eq. (|22|l . is drawn, which shows 
as desired only bipartite entanglement though the 3— flip con- 
currence is nonzero. Therefore, as desired, the particle 3 is 
independent of particle 1 and 2. 



• I(p) contains all locally obtainable information, 

• E(p) contains all information encoded in entangle- 
ment. 

• R(p) is the complementing missing information, 
due to a classical lack of knowledge about the quan- 
tum state. 



We will show that for certain cases: 



Moreover, we show how the total amount of entanglement 
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can be separated into m-flip concurrences: 



E{ P ) 



C 2 3) (p) 



+ (•■■) 



two flip concurrence three flip concurrence 



n-fiip concurrence 



(3) 



Furthermore we show that with help of the m-flip con- 
currence we can, at least for three qubits and possibly 
for even more complex systems, indeed find a quantity 
interpretable as: 

E{p) = E m {p) + E^rf (4) 

bipartite entanglement tripartite entanglement 

with the substructure: 

E^M = E (12) {p) + E (23) (p) + E (13) (p) (5) 

We proceed in defining or deriving step by step the in- 
volved quantities and discuss their physical content. 



II. THE SINGLE PROPERTY S s AND BOHR'S 
COMPLEMENTARY RELATION: 

Bohr's complementary relation was first discussed to 
understand the double slit experiment, its information 
theoretic content can be formulated by the following for- 
mula Hi: 



S 2 (p) :=V 2 (p)+C 2 oh (p)<l, 



(6) 



where for all pure states the equality sign is valid. C co h 
is the coherence or in the case of the double slit sce- 
nario the fringe visibility which quantifies the sharpness 
or contrast of the interference pattern ("the wave-like 
property"). Whereas V denotes the path predictability, 
i.e., the a priori knowledge one can have on the path 
taken by the interfering system ("the particle-like prop- 
erty"). In double slit experiment it is simply defined by 
V = \Pj — Pn\, where Pj and Pu are the probabilities 
for taking each path (Pj + Pji = 1). 

As has been shown this complementary relation is use- 
ful to understand several interfering two state system as 
e.g. particle-antiparticle mixing systems fl5L[l6l| or Mott 
scattering experiments of identical nuclei 11611 or even spe- 
cific thermodynamical quantum system [17| . 

One can make Bohr's complementary relation always 
exact by adding the quantity (dimensionality d, here 2) 



M 2 (p)^^j(l-Tr(p")) 

to the single particle property S 

S 2 (p)+M 2 (p) = l 



(7) 



(8) 



for all states (pure: M(p) — 0). M(p) measures the 
mixedness or linear entropy which equals in this case the 
uncertainty of individual particles under investigation, 
clearly a "classical" uncertainty. 

The complementarity principle seems to be an intrinsic 
property of all discrete quantum systems. So even con- 
sidering various dynamics that a quantum system can be 
exposed to [151 ] , the two dimensional complementarity re- 
lation still holds true. The next logical step is trying to 
generalize this relation to for a qudit system. 



III. BOHR'S COMPLEMENTARY RELATION 
FOR d— DIMENSIONAL SYSTEMS 



: For a qudit system or a multi slit system the defi- 
nition of predictability is not straightforward. One ap- 
proach has recently been introduced in Ref . [l8|, [l9[ , how- 
ever, we introduce a similar approach which makes a gen- 
eralization to multipartite systems possible. To do that 
we will first introduce the following useful quantity 

P id := Tr(p\i){j\) (9) 

and propose the generalized predictability for a qudit 
state p 

P 3 {P) ■= 



d- 1 



E 



Pl,l + P2,2 + (•••)+ i'd-l.d-l 



d-1 



(10) 

where denotes the sum over all possible permuta- 
tions of Pi j . The first line admits for a multi-slit scenario 
the following simple interpretation: it is the difference of 
the probability that the particle transverses the slit, e.g. 
Po,o, minus the probabilities that the particle takes the 
way through all the other slits weighted by d—1, summed 
over all slits. For d = 2 it is clearly equivalent to the prior 
definition of predictability, it ranges from zero to one and 
is equal to one if one has hundred per cent information 
about a possible measurement outcome and it is equal to 
zero if one does not have any information about which de- 
gree of freedom would most likely to be measured. Thus 
is meets all of our conceptual requirements. 

Of course it is only one of many ways to describe multi- 
level predictability, but one that meets all of our con- 
ceptual requirements. A different one was introduced in 
Ref. [II]. 

The coherence is easier to define, it is more straightfor- 
ward. We can just take the sum over all two dimensional 
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coherences: 

CcohAp) ■■= (^iEEi^n 

= (i^t(^ 2 > -!>-))' <") 

The last equation is obtained by using Tr(p 2 ) = 
£ \Pi,j\ 2 = £ I't + \Pi, 3 \ 2 - Again it meets 

also the conceptual requirements as for d = 2 it is equiv- 
alent to the prior definition of coherence, it ranges from 
zero to one and is equal to one if one has the most coher- 
ent superposition of all degrees of freedom and it is equal 
to zero if one has hundred per cent information about a 
possible measurement outcome. 

Let us now consider the sum of generalized predictabil- 
ity and coherence 

P 2 g {p) + C coh , g (p) 2 = ^jTr(p 2 ) -^j = —M 2 + 1 
P 2 {p) + C coh . g { P ) 2 +M 2 (p) = 1 (12) 
•s 9 2 (p) 

The last equation is the generalized Bohr complementary 
relation for d-dimensional systems we searched for and 
helps to understand entanglement in multiqudit systems. 

IV. THE ENTANGLEMENT MEASURE AND 
ITS BOUNDS 

Let us now proceed to entangled systems. For pure 
states it is well known that entanglement can be solely 



quantified by considering the mixedness or entropy of 
the subsystems. For a n-partite system where each sub- 
system s is given by the reduced density matrix p s = 

Tr^i s -i,s+i,...,n](\4'}(' l P\) of dimensionality d s , the sum 

of the mixednesses defines an entanglement measure 

n n 

E(m-.= Y, M2 (ps)--=Y, M s(p)- ( l3 ) 

s=l s=l 

This is an entanglement measure, i.e. non-increasing un- 
der LOCC (local operations and classical communica- 
tions), additive and meeting all requirements to be an 
entanglement monotone (see e.g. Ref. 23;]). The same is 
true for the Von Neumann entropies of the subsystems 
defining entanglement of formation [20| . but the linear 
entropy M 2 bears the benefit that it can be operationally 
obtained as we will show. 



A. Example: A tripartite qubit state 

For convenience and clarity we consider now a tripar- 
tite qubit system and generalize then for the multipartite 
case. Consider the tripartite qubit state 

l 

\4>) = E a ^\ijk), (14) 

i,j,k— 

then the mixednesses of the subsystem, e.g. of the first 
qubit, is straightforward calculated and equivalent to the 
following expressions obtained by simple algebra: 



Mfty) = M 2 ( Pl ) = 
i 

E E \(i>\{°®cr®l){\hi2k)(i 1 i 2 k\-\i[i' 2 k)(i[i' 2 k\)\rlj*)\ 2 

1 

+ E E \(^\(v®^®v)(\Hki 3 )(i 1 ki 3 \-\i[ki' 3 )(i' 1 ki , 3 \)\'il;*)\ 2 

k=0 i 1 ^i' 1 :i 3 ^i' 3 

+ E |(^l(0-®cr®cr)(Ki»2«3)(iii2i3|- \i[ i' 2 i' 3 ) (i[ i' 2 i' 3 \) 

I 



where a is the flip operator, i.e. here the Pauli matrix 
<j x . One sees that the squared mixedness of one subsys- 
tem is obtained by flipping once in each other subsystem 
and flipping in all subsystems. Straightforward one ob- 
tains the squared mixednesses of the two other systems. 



As the sum of all mixednesses, E(tp), is an entanglement 
measure it is obvious to add all terms which contain two 
flips to one quantity which we denote by (C( 2 )) 2 and all 
terms with three flips to (C( 3 )) 2 . Thus we have separated 
the total entanglement, E(ip), into a sum of terms con- 
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taining two or three flips, which we name in the following 
as m-flip concurrence. 



B. The m— concurrence for pure states 

For multipartite qudit systems the same works. The 
flip operators can be defined in the following way for a 
qudit system of dimension d: 

°M d \k) = 10, 4t d \l) = \k) and 
a d k f d \t) = \ft^k,l (15) 

with k, I 6 {0, 1, . . . , d — 1}. Note that this is just another 
definition of the d-dimensional symmetric Gellmann ma- 
trices. The squared m-flip entanglement is given by the 
sum over all possible permutations of m flips, i.e. for 

n systems there are ^ ^ ^ possibilities and each sys- 
tem where a flip is performed is denoted by cs.j and 
in order to avoid multiple counting we order the set: 
{ctj} := ai,ct2, ■ ■ ■ , a m , where cti < ai < ■ ■ ■ < a m : 



C. The 7/t— concurrence for mixed states 

Pure states are quite a strong restriction and for mixed 
states, the mixedness of the subsystem will not suffice, 
because it stems from both entanglement and classical 
uncertainty. The m-flip concurrence for mixed density 
matrices can be defined by: 

(C») 2 := inf|^ ))Pi ]T Pi (C (m) (|^))) 2 (20) 

\i>i),pi 

That this is part of an analytically correct entanglement 
measure is obvious, because: 

(1) X^m=2(C(wt)(l' i /'))) 2 is an entanglement measure for 
pure states. 

(2) Any separable density matrix can be decomposed 
into a convex sum of pure separable states, hence 
the infimum equals zero for all separable states. 

(3) Any entangled density matrix's decomposition con- 
tains at least one entangled pure state, hence 
C™(,o) is part of an entanglement measure which 
is nonzero for all entangled states. 



(c (m) ) 2 = c { aj } 



(16) 



Each possibility of m flips is derived by 

c k> : = E |m<Wkuxk}| - \&}){&}\w) 



set 



where 



E-EEE E 

set Zi=l fei</< {i n }^{i'„} 

it=i{Vtg{oy} 



(17) 



and 



O 



{ aj } ■— y^kiU ' 1 J 



(18) 



which defines a n-tensor product where the flip operator 
are positioned at ctj and else the unity is taken. Note 
that this works for n-partite systems with dimensions d\ 
to d n . And the total entanglement is given by 



D. Bounds on the m— flip concurrence 

We can derive bounds for the m-flip concurrence by 
defining in an analogous way to Hill and Wootters flip 
density matrix [2l| the m-flip density matrix: 

pfa j} = 0{«,}(l{a><{UI - \K})(K}\) p* ■ 

■o { a,}(|{U)({UI-lK})<{4}l) (2i) 

{a } 

and calculating the Am s which are the squared roots 
of the eigenvalues of Pj^jj - The bound can be derived 
as (analogously to Ref. [22| ) 



B m (p) 



EE max 

y { aj } set 



0,2max({A^}})-£{A^->} 



This is not equivalent to the convex roof, but a good 
boundary B m (p) < C™(p) as it agreed in all cases we 
tried with the criterion of partial positive transposition. 
In literature there exist several possible suggestions how 
to improve these bounds [22I ]. 



E^):=Y. C U=Y. M ^)^\) ( 19 ) 

m=2 s=l 

This, for pure systems, is equal to the sum of the squared 
mixednesses of the subsystems. Also if we set d = n = 2 
this is just the definition of Wootter's concurrence [2l| 
multiplied by two. 



V. m-FLIP CONCURRENCE AND 717— PARTITE 
ENTANGLEMENT 

Does the m-flip concurrence, Ci m ), also describe the 
desired m-partitc entanglement? The answer is no, a 
simple counter example e.g. for tripartite qubits is 

-^{|00) + |ll)}®(cosa|0}+sina|l» . (22) 
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FIG. 2: Here the information content in bits of the state 
p a , Eq. (|24|l . is plotted. The colored, thickened and dashed 
curves are the single properties I = 5^ =1 S a (blue), the 2- 
partite entanglement Er 2 ) = E12 + E\z + E23 (green) and the 
3-partite entanglement Etg) = -E123 (red). For the GHZ-state 
a = § /t" ^ ne 3-partite entanglement is maximal while for 
the W-state a = 5 the 2-partite entanglement is maximal. 
For a = -| ^ we obtain another interesting state, the 2- 
partite entanglement has a second maximum. 

Here only the first and second particle are entangled the 
third one not, thus the tripartite entanglement should be 
zero, but the 3— flip entanglement derives to: 

C( 3) = 4|coscvsina| 2 . (23) 

Moreover, the m— flip concurrence is not invariant under 
local unitaries. However, if we introduce "corrections" 
to the m-flip concurrence such that these new quantities 
are invariant under local unitaries we obtain the desired 
m-partite entanglement. For sake of simplicity we stick 
here to the case of three qubits. 

Three qubits states: There exist two entangled 
states, the well known GHZ-state and the W-state, 
which are obviously in a physically different way entan- 
gled. If one traces over one subsystem, in first case one 
gets a separable state and in the second case an entangled 
state. 

For that let us discuss the states p a = \<j>(a)) (<j>(a)\ 
with 

10(a)) = ^{|001) + |010) + |100)} + cosa |111) , 
v3 

(24) 

which are superposition of the W-state and a separable 
state. It is also plotted in Fig. [2] For a = f/^f the 
state is unitary equivalent to the GHZ-state (-i={|000) + 
| 111)}). This is at the first side surprising, because the 
3-flip and the 2— flip concurrences derive to 

Cf 3) = 

Cf 2) = ^(sin 4 (a) +3 cos 2 (a) sin 2 (a)) , (25) 



i.e. the 3-flip is zero. For the W-state (a = ^) on the 
other side the 2-flip has a local minimum. These facts 
suggest that we have to "correct" the flip concurrences to 
obtain the m-partite entanglement in the following way 

E(3) = E123 = Cf 3 )(p a ) + C 2 2) (p Q ) 

-{C 2 2) (Tn(p a )) + C 2 {2) (Tr 2 (p a )) + C 2 2) (Tr 3 (p a ))} 

E{2) = £-12 + Eis + E 23 

= C 2 2) (Tn(p Q )) + C 2 2) (Tr 2 (p a )) + C 2 (2) (Tr 3 (p a )) . 

(26) 

It is clear that the sum is unchanged, because we add 
the sum of the 2-flip concurrence of the reduced den- 
sity matrices and subtract it. As the 2-flip concurrence 
of the subsystems are here equivalent to two times the 
Wootters-Hill concurrence [2l[ this sum is clearly invari- 
ant under local unitaries. Therefore all that is left to 
show is that cannot get negative. This is easily 

proven because the entanglement stored in the subsys- 
tems can only be lower or at most equivalent to the en- 
tanglement stored in the subsystems. This can of course 
be generalized for mixed states through the convex roof. 

With these definitions of the 2- and 3-partite entan- 
glement we obtain a simple interpretation of the physical 
difference of the W- and the GHZ-entanglement. The 
state p a , Eq. I|24p . is for a = separable, the single 
property in each subsystem is maximal (see also Fig. [2]). 
As a increases the single properties I{p a ) = J2 s =i 
have to decrease due to Bohr's complementary relation 
(S 2 + M 2 — 1) as their mixednesses increase. For a — | 
or a = j the single properties are zero, thus entan- 
glement is maximal and it is a genuine 3-partite entan- 
gled state, the GHZ-state. For a — -| the 2-partite 
entanglement is maximal, while the single properties ob- 
tain a local maximal and the 3-partite entanglement is 
zero as desired. There is another interesting state e.g. 
at a — f/-^-, here 2-partite entanglement has another 
maximum (see Fig. [5]). 

Also the above counter example of a bi-separable state, 
Eq. (|22p. obtains the desired interpretation as the 3- 
partite entanglement £^3) derives to zero and the 2- 
partite entanglement to E( 2 ) = Ei 2 +Ei 3 +E 23 = 2+0+0, 
see also Fig. Q] (d) . 

In Fig. [3] we show the superposition of W and GHZ: 
r a = |V(a))<V(a)| 

|V>(«)) = ^{|001> + |010> + |100>} 

+22^{|111) + |000>}. (27) 

The single properties are symmetric, however, the tri- 
partite and the bipartite entanglement depend on the 
particular superposition. One finds for example another 
interesting state at (a =~ 0.87r) which maximizes the 
bipartite entanglement Er 2 ) while the tripartite entan- 
glement B(3) is zero (see Fig. E]). 
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FIG. 3: Here the information content in bits of the state 
T a , Eq. (|27p . is plotted. The colored, thickened and dashed 
curves are the single properties I = X^s=i ^ a (blue), the 2- 
partite entanglement E^ 2 ) = E\2 + £13 + E23 (green) and 
the 3-partite entanglement E^ = E123 (red). The single 
properties I are symmetric, however, the genuine 2- and 3- 
partite entanglement are not. 
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FIG. 4: Here the information content in bits of the state 
a(a), Eq. ([2EJ), is plotted. The colored, thickened and dashed 
curves are the single properties I = X^s=i ^ s (blue), the 2- 
partite entanglement E^ 2 ) = E12 + -E13 + -E23 (green) and 
the 3-partite entanglement J5( 3 ) = -E123 (red). The thin, not 
dashed curve is R(p), which is the lack of information about 
the state. 

For mixed states, if the optimal bounds are known, 
the m-entanglement derives in the very same way. In 
Fig. 2] we have chosen a mixture of the GHZ-state and 
the W-state, i.e. 

cr(a) = sin 2 (|) p w + cos 2 (|) p GHZ (28) 

The complementing missing information, due to classical 
lack of knowledge about the quantum state, R(cr(a)), is 
maximal for a = ^ as expected. 

To sum up for 3 qubits we have shown that in a simple 
and evident way the 2— flip and 3— flip concurrences can 
be made invariant under local unitaries and these new 



quantities, the 2- and 3-partite entanglement, capture 
then the desired physical differences e.g. of the GHZ- 
state, the W-state, the bi-separable state and of mixed 
states. 



VI. THE INFORMATION CONTENT OF 
N— PARTITE MULTIDIMENSIONAL SYSTEMS 

Now returning to the first equation, Eq. ([1]), we see the 
separation of information in multi-qudit systems: I{p) 
quantifies all locally obtainable information as it is just 
the sum over all obtainable information in every subsys- 
tem. Every physical system with d-degrees of freedom 
can carry one dit of information, which can be separated 
into predictability and coherence. Of course the combi- 
nation of n-systems can carry n-dits of information, just 
as in classical systems. The main difference then is that 
they cannot all be locally obtained, as for pure entan- 
gled systems the sum over all locally obtainable informa- 
tion does not yield n. Here the information is encoded 
in entanglement, which in itself seems to be separable 
into different classes of entanglement, as we have seen 
for the three qubit example. Note that the local infor- 
mation I(p) is always additive and for the entanglement 
E(p) strict additivity is only proven for pure states. For 
mixed systems only subadditivity of E(p) can be proven 
(in the very same way as with entanglement of forma- 
tion), but additivity is strongly expected (in this case 
R(p) can clearly only contain classical uncertainty). 



VII. CONCLUSION 

We started from Bohr's complementarity relation, 
which we generalized for <i-dimensional systems, yielding 
the information content in every subsystem of a multipar- 
tite state p through the single property S s (p). From this 
relation we are able to consistently quantify the informa- 
tion content in entanglement of pure states as the miss- 
ing information needed to complement the single proper- 
ties of all subsystems as n — X^=i ^s(p) = J2s=i ^s(p)- 
Then we showed that this information can be opera- 
tionally obtained, thus opening the possibility to derive 
bounds for the entanglement of multipartite multidimen- 
sional systems. Moreover, we have shown that the oper- 
ations necessary to obtain this measure can be separated 
into different classes of concurrences, i.e. characterized 
by the amount of flips m, the m-flip concurrences. Fi- 
nally that these can be modified to meet our understand- 
ing of multipartite entanglement as explicitly shown for 
three qubits one can correct the m-fiip concurrences to 
m-partite entanglement. This explains the different kind 
of entanglement of the GHZ-state and the W-state, sum- 
marized in Fig.[T]and in Fig. [2] Moreover, it gives the cor- 
rect entanglement of any bi-separable state. Last but not 
least we presented a mixed state, where the single proper- 
ties are complemented by the classical lack of knowledge 
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about the quantum state under investigation. In what 
way this generalizes for multipartite systems consistently 
is left for further investigation. 

In summary, we found a multidimensional, multipar- 
tite and operational entanglement measure which admits 
a separation into different classes of entanglement and 



herewith we obtain the information content of any dis- 
crete state. This knowledge obviously helps to e.g. decide 
given a certain state quantum communication or quan- 
tum cryptography is possible and to what extend. 

Acknowledgement: Thanks to R.A. Bertlmann and Ph. 
Krammer for enlightening discussions. 
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